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DYNAMICS  IN  PARABOLIC  EQUATIONS  -  AN  EXAMPLE 

!•'  i 


'jack  K.  Hale 

Division  of  Applied  Mathematics 
Brown  University,  Providence,  R.  I. 


Abstract:  For  a  parabolic  equation,  results  are  given  about  the 
orbits  which  connect  equilibrium  points.  The  approach  is  based 
,on  the  theory  of  dynamical  systems  and  the  maximum  principle, 
i 

;  1 .  The  basic  problem. 

‘  '  A  system  of  nonlinear  parabolic  equations  defined  on  a 
bounded  domain  generate  a  nonlinear  semigroup  of  transformations 
(Ty(t) ,t>0)  on  some  Banach  space  X.  The  parameter  p  is  sup¬ 
posed  to  represent  the  ellipti „  operators  in  the  parabolic  equa- 
’•  .tion,  the  region  n  where  the  equation  is  defined,  the  non- 
!l  linear  functions  in  the  equation  and  the  boundary  conditions. 

'The  basic  problem  is  to  study  how  the  qualitative  properties  of 
*'•_  jtho  orbits  defined  by  T^(t)  depend  on  the  parameter  p. 

!  Because  Ty(t)  arises  from  parabolic  equations  on  a  bounded 
'  '  jdomain,  one  generally  has 

' 1  |T^(t),  t  >  0,  is  a  completely  continuous  operator  (1.1) 

5  :T  (t)  is  one-to-one  for  all  t,  (1.2) 

V.  |  V 

'  '  i In  particular,  (1.1)  implies  that  every  bounded  orbit  belongs  to 
'a  compactiset.  Thus,  the  w-limit  set  of  a  bounded  orbit  is  a 
y  'nonempty,  compact,  connected  set  of  X  which  is  invariant  under 
'the  semigroup  T  (t).  We  say  a  set  M  in  X  is  invariant  for 
iTjj (t)  if,  for  any  q>  €  M,  there  is  a  function  x(t,<p)  3e7ined 
for  t  €  F,  x(0,<p)  *  0,  x(t,<p)  €  M,  t  €  F,  and,  for  any  x  €  F, 

’’  Ty(t)x(T,«p)  »  x(t+T ,tp) ,  t  0.  We  call  x(t,q>)  a  backward 
extension  of  -  <p  and  write  x(t,tp)  ■  Ty(t)«p  for  t  €  F.  Under 
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condition  (1.2),  backward  extensions  are  unique.  If  a  backward 
‘extension  of  tp  exists  and  belongs  to  a  compact  set,  then  the 
'a-limit  set  exists  and  is  nonempty,  compact,  connected  and  in¬ 
variant  (see  [Ha2]). 

!  An  important  role  in  the  theory  is  played  by  the  set, 

j  v 

1  ’  |A^  =  (<P  6  X:  Ty(t)(p  is  defined  and  bounded  for  t  €R),  (1.3) 

1  which  contains  the  limit  points  of  all  bounded  orbits  as  well  as 

[  much  more.  In  fact,  one  has  the  following  elementary  result. 

1  Lemma  1.1.  If  Ay  is  compact,  then  Ay  is  the  maximal  compact 
invariant  set  of  X.  Furthermore,  (1.2)  implies  that  Ty(t)  is 
: '  a  group  on  Ay . 

1  1  1  One  way  to  ensure  that  Ay  is  compact  is  to  assume  the 
‘  existence  of  invariant  regions  for  the  parabolic  system  (see  [SI]) 
Another  weaker  condition  is  to  assume  that  the  system  is  point 
dissipative;  that  is,  there  is  a  bounded  set  B  c:  X  such  that, 
for  .any  q>  €  X,  there  is  a  tp  =  tg(ip,B)  such  that  Ty(t)<p  £  B 
jfor  t  tg.  This  condition  implies  the  following  result. 

Theorem  1.2.  If  Ty(t),  t  >  0,  is  completely  continuous  and 
point  dissipative,  then  there  is  a  maximal  compact  invariant  set 
for  {Ty(t)  ,t  >_  0},  Aj]  is  uniformly  asymptotically  stable 
and  attracts  bounded  sets  of  X;  that  is,  for  any  bounded  set 
1  U  In  X,  dist(Ty(t)U,Ay)  -*■  0  as  t  -*■  ».  If  Tp(t)  is  one-to- 
1  .one,  then  T  (t)  is  a  continuous  group  on  Ay. 


is  a  continuous 


!  The  basic  steps  in  the  proof  are  as  follows.  One  first 
proves  that  there  is  a  compact  set  K  in  X  such  that  for  any 
[compact  set  H  in  X,  there  is  a  neighborhood  V  of  H  such 
that  dist(Ty (t)V,K)  -*-0  as  t  -*■  *.  This  property  implies  there 
is  a  maximal  compact  invariant  set  Ay  which  is  uniformly 
asymptotically  stable  and  attracts  neighborhoods  of  compact  sets. 
The  compactness  of  Ty(t)  for  t  >  0  can  be  used  to  complete 
the  proof. 

I  The  above  theorem  is  actually  true  for  much  more  general 
semigroups  (Ty(t),t  >_  0).  In  fact,  one  need  only  require  that 
jTy (t)  is  an  a-contraction  for  t  >  0.  This  permits  applications 
to  a  much  broader  class  of  problems  including  some  hyperbolic 
j systems  (see  [Ha3]).  We  do  not  consider  such  general  cases  here 
jand  refer  the  reader  to  [Hal]  for  a  complete  proof  of  the  above 
'result  as  well  as  historical  references.  The  discussion  is  also 
contained  in  [Ha2].  However,  an  error  in  the  statement  of  one 
result  in  [Ha2]  requires  a  reordering  of  the  material  and  this 
[reordering  can  be  found  in  [Hal], 


t  i . . 
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We  remark  that  it  is  not  necessary  to  consider  all  of  X  to 
obtain  an  interesting  invariant  set  Ay .  One  could  have  a  sub¬ 
set  Y  of  X  which  is  positively  invariant  with  respect  to 
Tjj(t).  Point  dissipative  is  then  defined  relative  to  the  inter¬ 
section  of  bounded  sets  with  Y. 

I 

The  basic  problem  in  the  qualitative  theory  of  parabolic 
equations  is  to  study  how  Ay  and  the  flow  on  the  invariant  set 
Ay  change  with  the  parameter  y. 

i  Before  giving  specific  examples  which  illustrate  the  above 
remarks,  let  us  state  another  interesting  implication  of  point 
|dissipativeness,  a  proof  of  which  can  be  found  in  [HL1]. 

Theorem  1.3.  If  Ty(t)  is  completely  continuous  for  t  >  0  and 
point  dissipative,  then  there  is  an  equilibrium  point  of  Ty(t); 
that  is,  there  exists  a  q>  in  X  such  that  T.,(t)(j>  =  <p  for 
all  t. 

When  Ty(t)  is  the  semigroup  generated  by  a  system  of  para¬ 
bolic  equations.  Theorem  1.3  implies  the  existence  of  a  solution 
of  the  corresponding  elliptic  boundary  value  problem.  For  some 
types  of  problems,  this  approach  could  be  easier  to  obtain  the 
existence  of  solutions  of  the  elliptic  system  (see  [Al] , [A2] , [A3] , 
[Kl]). 

2.  An  example.  In  this  section,  we  consider  the  simplest  non¬ 
trivial  parabolic  equation.  In  spite  of  its  simplicity,  there 
are  several  unanswered  questions  whose  solution  would  lead  to  a 
better  understanding  of  the  role  of '  diffusion  in  the  dynamics. 

l 

|  Consider  the  scalar  equation 


"t  ‘  “xx  *  xf(u)'  0  «  x  *  *' 
u  ■  0  at  X  =  0,ir 


(2.1) 


with  X  >  0  being  a  real  parameter  and  f(u)  being  a  given  non¬ 
linear  function  of  u.  If 


V«P)  -  PW 

In  * 


-XF(«p)]dx,  F(u) 


and  u(t,x)  is  a  solution  of  (2.1),  then 


~V(u(t,x))  -  -  |  u*dx  <  0 


(2.2) 


(2.3) 


Theorem  2.1.  If 


F  (u)  as  u  ±  » 


(2.4) 


••  i  r».i»n  I  -  »  | 
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then  Eq.  (2.1)  generates  a  Cn- semigroup  T^(t),  t  ^  0,  on 
.X  -  H^(0,ir),  each  orbit  is  bounded  and  has  ai-limit  set  as  an 
equilibrium  point.  There  is  a  maximal  compact  invariant  set  Ax 
for  Tx(t)  which  has  the  stability  properties  mentioned  in 
Theorem  1,2.  ,  Finally,  if  <p  €  Ax,  then  the  a-limit  set  of  <p 
is  an  equilibrium  point. 

■  The  equilibrium  points  of  (2.1)  are  the  solutions  of  the 
equation 


u  +  Af(u)  «  0  ■  0  <  x  <  ir 

xx 

u  =  0  at  x  =  0,tt 


(2.5) 


That  (2.1)  generates  a  On-semigroup  is  given  in  Henry  [He  1], 

The  fact  that  the  oj-  ana  a-limit  sets  must  be  a  single  equili¬ 
brium  point  has  been  proved  by  a  number  of  people  (see  Zelenyak 
[Z  1],  Matano  [M  2],  Hale  and  Massat  [HM  1J).  Relation  (2.4) 
implies  the  set  of  equilibrium  points  is  bounded.  Since  every 
orbit  approaches  an  equilibrium  point,  one  obtains  point  dissipa¬ 
tive. 


'  An  equilibrium  point (  Uq  is  hyperbolic  if  no  eigenvalue  of 
the  operator  32/3x2  +  Xf'(u0)  on  X  is  zero  and  it  is  called 
stable  (hyperbolic) if  all  eigenvalues  are  negative.  The  unstable 
manifold  Wu(uq)  is  the  set  of  (p  €  X  such  that  Ty(t)ip  is 
defined  for  t  £  0  and  Uq  as  t  ■*•-».  The  stable  manifold 
Ws(uq)  is  the  set  of  «p  €  X  such  that  Ty(t)cp  -*■  uQ  as  t  -*■  ®. 
The  set  Wu(Uq)  is  an  embedded  submanifold  of  X  of  finite 
dimension  m  (m  being  the  number  of  positive  eigenvalues  of  the 
above  operator).  The  set  Ws(Uq)  is  an  embedded  submanifold  of 
xodimension  m(see  [He  1]).  These  manifolds  are  tangent  at  Uq 
to  the  stable  and  unstable  manifolds  of  the  linear  operator 
1 3 2/3x2  +  f'(ug)  on  X. 

r 

The  following  remark  is  a  simple  but  important  consequence 
of  Theorem  2.1. 

Corollary  2.2.  If  (2.4)  is  satisfied  and  there  are  only  a  finite 
number  of  hyperbolic  equilibrium  points  tp<.u>2 . Hh.  of  (TTU 


A.  -  U  W %.). 
A  1-1  3 


'  Corollary  2.2  states  that  Ax  is  the  union  of  a  finite 
number  of  finite  dimensional  manifolds.  The  complete  flow  on 
Ax  seems  to  be  difficult  to  describe  in  the  general  case. 

1  However,  some  nontrivial  information  is  easily  obtained  if  we 
make  additional  hypotheses. 


.«  *,l  i • 
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Theorem  2.3.  If  the  conditions  of  Corollary  2.2  are  satisfied 
and  <Pj(x)  <  <P2(x)<*  • ‘^(x) ,  0  <  x  <  ir,  and  dim  Wu((pj)  <_  1~, 
then  k  is  odd,  k  =  2p+l,  is  stable  hyperbolic  and  <p2i 

is  unstable  for  all  j  with  tne  oi-limit  set  (a-limit  set)  of  J 
(P2j  being.  'P2:j+1('P2j_1). 

Proof:  If  is  unstable,  then  dim  Wu(<pj)  =  1.  Since  Wu(tp^) 

!  is  tangent  at  <P£  to  the  line  spanned  by  the  eigenfunction 
corresponding  to  the  positive  eigenvalue  of  32/3x2+f '  (tpi )  on 
X  and  this  eigenfunction  has  no  zeros  on  (0,ir),  it  follows 
that  there  is  a  solution  u(t,x)  of  (2.1)  defined  for  t  €  IR 
with  limt+  oou(t,x)  «  cp^ (x)  and  u(t,x)  >  (Pj(x)  for  t  suf- 
'  ficiently  negative.  The  maximum  principle  and  our  hypothesis  on 
'•  <Pi+1  implies  that  4>i(x)  <  u(t,x)  <  q>i+i(x)  for  0  <  x  <  ir. 

Thus,  lin^^uft.x)  =  <Pi+l(x).  The  same  argument  shows  there  is 
a  ip  €  Wu(ip.)  such  that  the  w-limit  set  of  ip  is  Since 

is  stable,  cp^  and  are  stable  hyperbolic  and  the 
1 '  theorem  is  proved. 

Corollary  2.4.  Under  the  hypotheses  of  Theorem  2.3,  the  global 
dynamics  of  (2. IT  is" determined  by  the  local  bifurcation  of 
equilibrium  points. 

Theorem  2.3  has  immediate  application  to  positive  solutions 
of  Eq.  (2.1).  In  fact,  if  X+  -  (<p  €  X:  <p(x)  >^0,  0  £  x  £  ir), 

'  and  T*(t):  X+  -*■  X+,  then  we  get  the  maximal  compact  invariant 
set  in  X+.  In  this  case,  the  dim  Wu(<p)  <_  1  for  any  equi¬ 
librium  point.  Thus,  if  the  equilibrium  points  are  hyperbolic, 
then  the  conclusion  of  Theorem  2.3  is  true.  For  another  dis- 
!  cussion  of  this  latter  example  using  the  Conley  index,  see 
* :  |Smoller  [S  1]. 

Remark  2.5.  Using  the  same  proof  as  above,  one  observes  that  the 
conclusions  of  Theorem  2.3  are  true  if  uxx  is  replaced  by  Au 
and  CO, ir)  is  replaced  by  a  bounded  open  set  ft  cF  . 

We  also  remark  that  the  strong  conclusion  in  Theorem  2.3  and 
’ 1  Corollary  2.4  are  not  consequences  of  only  dim  Wu(<pj)  <  1.  The 
parabolicity  is  used  in  an  essential  way.  The  reader  Is  referred 
,to  Hale  and  Rybakowski  [HR  1)  for  an  example  of  a  scalar  gradient- 
like  delay  equation  where  the  conclusions  of  Theorem  1.4  are  not 
true  even  though  the  dimension  of  the  unstable  manifold  of  each 
’  equilibrium  point  is  <1. 

i  i 
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I  Let  us  now  return  to  the  general  discussion.  When  the 
equilibrium  points  of  (2.1  are  hyperbolic.  Corollary  2.2  gives 
Ax  as  the  union  of  the  unstable  manifolds  of  the  equilibrium 
points.  The  complete  dynamics  on  Ax  will  only  be  known  when 
we  know  the  specific  way  in  which  the  equilibrium  points  are 


connected  to  each  other  by  orbits.  In  an  effort  to  learn  more 
about  this,  we  introduce  some  other  invariant  sets  of  Ax- 

i 

Let 

a|  *  {ip  £  Ax:{Tx(t)(p,t  €F  as  well  as  its  (2.6) 

!  a-  and  w-limit  sets  have  exactly 

j  zeros  in  (0,ir)}. 

Each  set  Aj[  is  compact  and  invariant. 

Lemma  2.6.  Suppose  f(0)  =  0.  If  <p  €  Ax  '“'(Ja?  with  q-limit 
a|  and  m- limit  set,  in  a£~,  then  j  >  k. 

Proof.  Suppose  such  a  tp  exists.  Since,  as  t  -*•  -<*>,  Tx(t)(P  + 
ip  €  A),  an  equilibrium  point  with  j  zeros  in  (0,n)  and  since 
the  zeros  of  $  are  simple,  it  follows  that  Tx(t)tp  has  j 
zeros  in  (0,ir)  for  t  <_  -  t  with  t  sufficiently  large.  Also, 

Tx(t)ip  has  j  +  1  extreme  values  in  (0,tr).  Also, 

Tx(t)tp  n€Aj[>  with  k  simple  zeros  and  k  +  1  extreme  values 

in  (0,ir).  Thus,  if  tp  =  Tx(-t)tp,  then  Tx(t)cp-+  n  and  the 
Tesults  of  Matano  [Ml]  imply  that  the  number  of  extreme  values 
of  tp  must  be  :>  the  number  of  extreme  values  of  n.  This  implies 
j  ^  k.  But  since  j  /  k,  we  have  the  result. 

The  condition  f(0)  *  0  is,  in  general,  necessary  to  obtain 
the  conclusion  in  Lemma  2.6.  If  f(0)  t  0,  then  the  best  general 
result  would. be  j  >  k  -  2  (see  [Ml]). 

i  “ 

Let  Mj  €  Ax,  i  *  1,2,. . . ,p,  be  compact  invariant  sets  in 
Ax-  Following  Conley  [C  1] ,  we  say  {M^}  is  a  Morse  decomposition 
of  Ax  if  tp  €  Ax"*  UiMi  implies  there  are  integers  j  >  k  such 
that  the  u-limit  set  of  <p  is  in  Mj<  and  the  o-limit  set  of  tp 
is  in  Mj.  * 

Under  the  assumptions  of  Lemma  2.6,  f(0)  ®  0  implies  u  =  0 

is  an  equilibrium  solution  of  (1.1).  Thus,  the  set  (0)  must  be 
included  with  the  A|  in  (2.6)  in  order  to  have  any  hope  for  a 
Morse  decomposition.  Since  Lemma  2.6  says  nothing  about  (0), 
more  detailed  information  is  needed  about  the  behavior  of  the 
solutions  near  u  ■  0.  However,  we  can  state  the  following 
'general  consequence  of  Lemma  2.6. 

Theorem  2.7.  Suppose  f(0)  ■  0  and  the  sets  aJ,  k=D,l,...,p, 
are  defined  in  f 1.6) and  let  AP*1  ■  (0).  If  no  orbit  in  Ax  has 
tj-limit  set  Ay*1,  then  the  set&  {AJ,  k*D,l, . . . ,p+l)  form  a 
Morse  decomposition  for  A^ . 


'  Other  variants  of  Theorem  2.7  can  easily  be  given  if  one 
knows  more  details  about  the  stable  and  unstable  manifold  of 
|u  =  0  in  A^. 


To  introduce  some  other  ideas,  let  us  consider  the  special 
case  of  equation  (2.1)  studied  extensively  by  Chafee  and  Infante 
[Cl  1]  and  Henry  [He  1]  ,  where 


f  (0)  =  0,  f  *  (0)  =  1 

lim  sup  f(u)/u  <_  0,  ufM(u)  >0  if  u  f  0. 


(2.7) 


Theorem  2.8.  If  f  satisfies  (2.7)  and  X  €  (n^,  (n+l)^)  ,  n  an 
integer,  then  there  are  exactly  2n+l  equilibrium  points  a*,  =  0, 

at, a.,  j*0,l. . . ,n-l,  where  at, a.  have  j  zeros  in  (0,n), 

J  +  J  Jjj 

dim  W  (a7)  *  j,  0  <  j  <  n-1,  dim  W  (a  )  =  n  and 
J  ~ 


1  Ax  =  (UjWU(a7))UwU(aJ. 

j.  a 

With  the  A,  defined  as  in  (2.6)  and  A,  =  (a_  *  0),  the  set 
co  k  A  a  » 

{AX,AX,  k=0,l,2, . . . ,n-l)  is  a  Morse  decomposition  of  A  . 


Proof.  The  first  part  may  be  found  in  [He  1].  We  prove  that 
a.  =  0  is  completely  unstable  in  A*.  In  fact,  any  function  in 
Ws(a<lo)  except  zero  must  have  at  least  n  zeros  and  n+1  extrema. 
The  results  of  Matano  [M  1]  imply  the  assertion.  Theorem  2.7 
completes  the  proof. 


Remark  2.9.  The  function  Oj[a73  is  uniquely  specified  by 

.requiring  that  dat(0)/dx  >  0  [da7(0)/dx  <  0],  Also,  the  proper- 

1  *  +  — 

.ties  of  the  orbits  in  the  phase  plane  imply  a2j+j(ir-x)  *  a2^+1(x). 


Although  Theorem  2.8  gives  some  information  about  orbits 
which  connect  equilibrium  points,  it  is  very  imprecise.  One  would 
like  to  have  a  better  understanding  of  exactly  which  connections 
exist.  Henry  [He  1]  has  given  a  complete  answer  to  this  problem 
for  n  *  0, 1,2,3,  for  f (u) . . .f(-u) .  We  will  reprove  this  result 
in  a  slightly  different  way  and,  at  the  same  time,  give  some  more 
information  which  will  hopefully  point  out  the  difficulties  in¬ 
volved  for  larger  n. 

For  the  statement  of  the  next  result,  some  additional  nota¬ 
tion  is  needed.  The  set  Ws(aa)  is  an  embedded  submanifold  of 

X  (see  [He  l,p.l5S  ff])of  codimension  n  and  Ws(aj)  is  an 

,erabedded  submanifold  of  codimension  j.  The  set  Wu(aco)  is 


J  • 


(Uvxictun,- 


tangent  at  to  the  linear  manifold  of  X  spanned  by  eigen¬ 
functions  of  the  operator  92/3x2  +  f ' (a*)  on  X  corresponding 
to  the  positive  eigenvalues  0  <  Xn_j  „  <  Xn_2  «<•  •  .<Xqj0o.  The 
eigenfunction  Xj  „  also  has  j  zeros  in  (0, irj  for  each  j. 

One  can  construct  an  imbedded  (n-j) -dimensional  submanifold 

wVfcioo)  c  Wu(aoo)  for  j=0, 1, . . . ,n-l  which  consists  of  all  orbits 

'  which  approach  a  as  t  -*•  -»  with  an  exponential  rate 

<  Xj  .  Let  * 

J »» 


Wj  (eg  -  Wu(oJ  X  Wj(oJ. 


(2.8) 


In  the  same  way,  for  any  j  <_  k,  k  =  0,1,..., n-1,  one  can  define 
W“*(a*)  =  Wu(a*)  ^w“(a*).  (2.9) 

u*  +  IJ  db 

The  set  (a£)  is  a  (k-j)  dimensional  submanifold  of  W  (<g . 


We  also  let 


(<p  €  Ax:lim  Tx(t)cp  e  A"  lim  T(t)<p  6  A*} 
t-»— ~  t-**> 


(2.10) 


and  let  y(tp,4<)  designate  an  orbit  whose  a-limit  set  is  <p  and 
w-limit  set  is 

2  2 

Lemma  2.10.  If  f  satisfies  (2.7),  is  odd  and  X  6  (n  ,  (n+1)  ): 
then 

cx'k  =  0  * 

CX*°  *  W1  -  {Y(°.>«o> 


W1  (“£)  (a^)  SiY(oJ,<*0)> 


Proof.  From  the  oddness  of  f  and  the  existence  of  the  Liapunov 
1  functional  V  in  (2.2),  it  is  easy  to  see  that  *  0. 

+We  now  show  that  there  is  a  special  type  of  orbit  from  a 
to  oQ.  As  remarked  before,  the  set  Wu(ow)  is  tangent  at  * 

to  the  linear  manifold  of  X  spanned  by  the  eigenfunctions  of 
1  the  operator  3V3x2  ♦  f '  (og  on  X  corresponding  to  the 

~  positive  eigenvalues  0  <  Xn-1, »<...<  Xq  These  eigenfunctions 

•  have,  respectively,  nrl,...,l,0  zeros  in  (0,w).  Thus,  there 
is  a  <p  6  X  such  that  T*(t)q>-+-  a»  as  t  +  -«  and  Tx(t)<p(x)  >  0 
on  (0,n)  for  t  £  -  t  for  x  sufficiently  large.  The  maximum 
principle  implies  Tx(t)<p(x)  >  0  for  all  t  and,  thus,  the 
1  w-limit  set  is  an  equilibrium  point  with  no  zeros  in  (0,w);  that 

a  .  y~‘  is,  otQ*  same  tYPe  argument  shows  that  Y(aa,,ajn  exists. 
^Continuity  with  respect  to  initial  data  and  the  fact  tnav 


1 


*  .  • I*  * 
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&4AAOC. 


°o,ao 


are  stable  implies  the  assertion  that 


cx  2  VO- 


To  show  Y(aj»“Q)»  j  >  1»  exists,  one  proceeds  in  the  same 

way  as  above  to  find  a  cp  6  X  such  that  T.  (t)(p  -*■  at  as  t  ■ 
+  ^ 
and  T.  (t)<p(x)  >  a.(x)  on  (0,rr).  Then  the  w-limit  set  of  ip 
A  .  j  . 


(0,rr).  Then  the  w-limit  set  of 


must  be  >  cu  (x) 


(0,ir).  From  the  manner  in  which  the 


otj(x) 


are  constructed  from  phase  plane  analysis,  it  follows  that  no+ 
equilibrium  point  is  larger  than  aj(x)  on  (0, -nr)  except  aQ. 

In  the  same  way,  one  obtains  Y(aj »®q) >Y(“j *“q) *Y(aj >«q) •  A 

use  of  continuity  in  the  same  way  as  above  shows  that  a 

W1  U  Wi  It:  remai-ns  t0  show  equality. 


Since 


a0,a0 


are  stable,  it  follows  that  the  set 


X  ^  (WS(oJ)  UWS(a')) 


(2.11) 


is  invariant  under  T^(t),  has  no  interior  and  contains  all 

the  equilibrium  points  cu,  j  >  1,  and  as  well  as  their 

stable  manifolds.  Furthermore,  if  6  is  any  continuous  cur\ 


joining 


Now  suppose 


Furthermore,  if  6 
,  then  6  n  XQ  i  0. 
,00 . 0 

.  9  ^Anf ei n e  on  m 


is  any  continuous  curve 


contains  an  orbit 


Y  from  to  aQ 

which  is  not  the  ones  constructed  above. _  Then  the  oddness 
of  _f  implies  -y  goes  from  a*  to  a q.  The  orbits 
Y,-Y  |  WYCoo,,)  where  WYCa*)  is  defined  in  (2.8).  The  openness 
of  »r  (a*),Ws(ag)  implies  that,  in  a  neighborhood  U  of  a,*, 
the  set  UXg  0  U  is  a  submanifold  of  codimension  1.  This  con¬ 
tradicts  tne  property_that  6  H  Xg  t  0  for  any  continuous  curve 
6  joining  ct§  to  ag.  Doing  the  same  argument  for  a£  com¬ 
pletes  the  proof  of  the  theorem. 

2  2 

Lemma  2.11.  Suppose  f  satisfies  (2.7),  A  €  (n  ,(n*l)  )  and. 


r ,-y  |  WY(a<«,)  where  WYCa*)  is  defined  in  (2.8).  The  openne 
>f  »r  (a*),Ws(ag)  implies  that,  in  a  neighborhood  U  of  a,*, 
:he  set  uXn  HU  is  a  submanifold  of  codimension  1.  This  con- 


Lemma  2.11.  Suppose  f  satisfies  (2.7),  A  €  (: 
\J>  is  an  equilibrium  point  with  i  •+: k  zeros  and 
brium  point  with*  j  zeros  in  (0,w).  Then  any 
going  from  ^  to_  <p  must  belong  to  W^(t|») . 


tp  is  an  eauiJ 
orbit  yM'.V) 


Proof.  Let  (p  be  an  equilibrium  point  with  j  +  k  zeros  and  let 
tj;  be  an  equilibrium  point  with  j  zeros.  Then  the  manner  in 
which  the  equilibrium  points  are  constructed  from  the  phase  plane 
implies  that  f  -  <p  has  j  zeros  in  (0,w)  and  j  +  1  extreme 
values.  If  u  *  <p  +  v  in  (2.1),  then  W^(0)  for  the  new 
equation  has  dimension  j  ♦  k  with  the  basis  for  the  tangent 
manifold  at  zero  being  given  by  functions  with  0,1 , . . . , j+k-1 
zeros  in  (0,ir).  Since  tf>  -  <p  is  an  equilibrium  point  for  the 
new  equation  with  j  *  1  extreme  values  in  (0,ir),  one  can  apply 
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i"  ’ 
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r.v 


Si 


Cst*<fo 


the  results  of  Matano  [Ml]  to  obtain  the  first  assertion  in  the 
Lemma.  The  last  assertion  is  obtained  in  the  same  way. 


To  point. out  implications  of  this  lemma,  define 


P 


S 


C°  _  . 

SA  "  AA! 


,k 

5A 


,k-l 

SA 


(2.12) 


s;  =  s.  x 

+ 


[(wS(«;„l)UWSCa-_i))nAx],  k=l,2, . . .  ,n-l. 

The  points  oiQ,ag  are  stable  in  Also,  Lemma  2.11  (or 

Lemma  2.10  with  k=l)  imply  that  o|,  aj  are  stable  in  s|. 
Furthermore,  Lemma  2.10  implies  these  are  the  only  stable  points 
in  S1  and  dim[Wu(a*)  P)  sj]  =  k-1,  k=2,3, . . .  ,n-l,  dim[Wu(ajf|sl  = 
n-1.  Lemma  2.11  and  the  symmetry  hypothesis  implies 

cj;’1  =  WjCap  U  Wj(ap  =  {Y(a2»“i)»Y(a2>“i)»Y(a2,“l^Yf“2,“l-)^' 


<i&JL 


In  general,  we  can  assert  that  aj»aj  are  stable  in  Sj[ 
for  every  j.  This  is  a  consequence  of  Lemma  2.11.  For  j=n-l, 

this  implies  a*  j,cT  ^  is  stable  in  S*-1.  The  only  other 
■equilibrium  point  in  Sn”  is  and  Lemma  2.11  implies 

5'"’1  '  Wn-l(“-)  "  WVVl)'’(".'Vl>1' 

For  j=2,3, . . . ,n-2,  we  are  unable  to  analyze  the  fine 
structure  of  the  flow  at  this  time.  To  see  the  difficulties, 
suppose  j  *  2.  Then  are  stable  in  s|.  From  what  has 

been  proved  up  to  this  point,  there  is  the  possibility  that 
ci$, aj  are  also  stable  in  Sj(;  that  is,  the  two  dimension  unstable 
manifold  of  these  points  in  sj[  have  w-limit  set  {aj.aj}.  If 
such  things  can  occur,  then  the  flow  can  be  very  complicated  and 
can  change  its  qualitative  properties  without  going  through  a 
local  bifurcation. 

Summarizing  the  nicest  part  of  what  has  been  proved,  we 
obtain  the  following  result  of  Henry  [He  1]  . 

Theorem  2.12.  If  f  satisfies  (2.7),  is  odd  and 
A  €  (n^, (n+l)2) ,  n=0,l,2,3,  then 

C*’k  -  W^(a*)  U  Wjj(a’)  3{y(a*,a^)},  n-l>.m>k>_0 

I  C?k  "  -  <Y(a»>a*)),  n  -  1  >  k  >  0 

I  AX  "  {ak’ak} 


A,  -  U  U  <’k)  U  (A?  u  C*,k) 


m>k 


■  '  <  I 


10, 


Theorem  2.12  says  that  A 
■if  X  €  (n2,(n+l)2),  n=0,l,2,3. 
flow  on  are  shown  below. 


is  like  a  ball  of  n-dimensions 
The  pictures  of  A^  and  the 


a 

0  °° 

> — < — • — >- 


n  =  0 


n  =  1 


n  =  2 


For  n  £  3,  Theorem  2.12  asserts  that  the  changes  that 
occur  in  the  dynamics  on  A^  for  X  <  16  come  about  only  through 
local  bifurcation.  A  proof  that  the  same  situation  prevails  for 
all  X  or  a  counterexample  would  be  equally  interesting. 
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Added  in  proof:  The  details  of  the  proof  qf  thaj  part  of  the 
proof  of  Lemma  2.10  which  states  that  Cx»u  =  wV  (o„)  are  not 
as  easily  supplied  as  indicated.  The  same  applies  to  Cx*  . 
Thus,  this  must  remain  as  a  conjecture. 
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DYNAMICS  IN  PARABOLIC  EQUATIONS  -  AN  EXAMPLE 
.  by  jack  R.  Hale 


l 

/P'%  j  eigenfunction  for  X-  „  has  j  zeros  in  (0,it)  for  each  j. 

(J  (  One  can  construct  anJ  *  imbedded  (n-j) -dimensional  submanifold 


•  *  • 
i 

1  AAaQ  d>L, 


It 

■  i 

i 


The  above  theorem  is  actually  true  for  much  more  general 
semigroups  [Ty(t),t  >_  0}.  One  needs  only  that  Ty(t)  is  compact 
dissipative  and  an  a”contraction  for  t  >  0. .  This  permits  appli¬ 
cations  to  a  much  broader  class  of  problems  including  some  hyper¬ 
bolic  systems  (see  [HA  3])  .  We  do  not  consider  such  general  cases 
here  and  refer  the  Teader  to  [Hal]  for  a  complete  proof  of  tne 
above  result  as  well  as  historical  references.  The  discussion  is 
also  contained  in  [Ha  2]  .  However,  an  error  in  the  statement  of 
one  result  in  [Ha  2]  requires  a  reordering  of  the  material  and 
this  reordering  can  be  found  in  [Hal]. 
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>7 '  /.  /'  .  „  'the  results  of  Matano  {M  1]  to  obtain  the  assertion  in  the 

f'lO  Lemma. 
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J^vr(£--  — ^  use  of  an. argument  similar  to  the  above  shows  that  => 
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<2/ e<juilibrium#point  in  Sn'J  is  o„  and,  thus, 
CA»n"  »  *JJ_2(a»)  *  ^Y(c,4#»On-l)»Y(a«»°»n-i)I • 
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^ the  set  Xq  0  U  is  a  proper  subset  of  a  submanifold  of  codimen- 
*6  sion  1.  This  contradicts  6  D  Xq  /  0  for  any  continuous  curve 


•  I 


A  //  ahM^  ,i-  ’•»^mi|[Ha  1]  J.K.  Hale,  Some  recent  results  on  dissipative  processes. 
k  "  ’ ’’  |  p.152-172  in  Lecture  Notes  in  Math.  Vol.  799  (Ed.A.F.  Ize), 

j  Springer- Verlag,  1980. 

$  JjvnJL  —^£2.  Continuity,  the  Lyapunov  functional,  Xq  having  no  interior  and 
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